The aim of this paper is to combined the variational iteration method with Aboodh transform method to solve linear and nonlinear fractional partial differential equations. Some illustrative examples are given as the linear and nonlinear fractional Klein-Gordon equations and the time fractional diffusion equation. The results reveal that this method is very effective, simple and can be applied to other physical differential equations with fractional order. The fractional derivative is taken in the Caputo sense.
Introduction
Fractional calculus has successfully been used to study the mathematical and physical problems arising in science and engineering. Fractional differential equations are applied to describe the dynamical systems in physics and engineering. It is one of the hot topics for finding the solutions for the fractional differential equations for scientists and engineers. Due to the importance of knowledge of the solutions of these type of equations, we find that many researchers have done and are still doing great efforts to find methods to solve this type of equations. These efforts resulted in the consolidation of this research field in many methods, among them we find the homotopy analysis method ( [28] , [29] ), Adomian decomposition method ( [7] , [8] ), variational iteration method (VIM) ( [12] , [14] ) and homotopy perturbation method ( [13] , [15] ), which have become known in a large number of researchers in this area. Recently, a new option has appeared, including the composition of some transform methods with the previously mentioned methods to facilitate and improve the resolution speed of this type of equations. For example, we only mention some of these transform methods, such as Laplace transform method [11] , sumudu transform method [2] or Aboodh transform method [20] . Among wich are the Laplace homotopy analysis method [25] , Adomian decomposition method coupled with Laplace transform method [27] , variational iteration method coupled with Laplace transform method [4] , homotopy perturbation transform method [30] , homotopy analysis Sumudu transform method [31] , modified fractional homotopy analysis transform method [21] , Sumudu decomposition method for nonlinear equations [5] , variational iteration Sumudu transform method [3] , homotopy perturbation Sumudu transform method [16] , Aboodh decomposition method [26] , fractional Aboodh decomposition method [22] , Aboodh transform homotopy perturbation method [19] . The objective of this study is to combine two powerful methods, the first method is " variational iteration method", the second is called "the Aboodh transform method", for solving linear and nonlinear fractional partial differential equations, thus, we get the modified method "fractional variational iteration Aboodh transform method" (FVIATM). Several examples are given to re-confirm the effeciency of the suggested algorithm, the fractional derivative is described in this study in the sense of Caputo.
Preliminaries
In this section, we give some basic notions about fractional calculus, Aboodh transform and Aboudh transform of fractional derivatives which are used further in this paper. 
Fractional calculus
We give some basic definitions and properties of the fractional calculus theory as the Riemann-Liouville fractional integrals and Caputo fractional derivative (see [10] , [17] ).
Here Γ(·) is the gamma function. Remark 2.3. In this paper, we consider the time-fractional derivative in the Caputo's sense. When α ∈ R + , the time-fractional derivative is defined as
where m ∈ N * .
Definitions and properties of the Aboodh transform
The Aboodh transform was defined by K. S. Aboodh [20] in 2013. In this section, we give some basic definitions and properties of this transform (see [1] , [18] , [20] ).
Definitions
The Aboodh transform is defined for functions of exponential order. We consider functions belonging to a class B, where B defined by
Definition 2.4. The Aboodh integral transform of the function u in B is defined by the integral equation
The variable v in this transform is used to factor the variable τ in the argument of the function u.
Proposition 2.5. The Aboodh transform of the time-fractional derivative in the Caputo's sense is defined as
And the Aboodh transform of the function u(r, τ) with Caputo fractional derivative of order α is given by 
Some elementary functions and their transformations
u(τ) A [u(τ)] 1 1 v 2 τ 1 v 3 τ n n! v n+2 , n = 0, 1, 2, . . . τ α Γ(α+1) v α+2 , α ≥ 0.
Analysis of fractional variational iteration Aboodh transform method (FVIATM)
To illustrate the basic idea of this method, we consider a general nonlinear partial differential equation of fractional order
where m − 1 < α ≤ m, m = 1, 2, . . . and the initial conditions
2)
∂ τ α is the Caputo fractional derevative, R is the linear differential operator, N represents the general nonlinear differential operator, and g(r, τ) is the source term. Applying Aboodh transform on both sides of (3.1), we obtain
Using the differentiation property of Aboodh transform, we have
Operating with the inverse Aboodh transform on both sides of (3.4), we obtain
where H(r, τ), represents the term arising from the source term and the prescribed initial conditions. Applying
on both sides of (3.5), we have
According to the variational iteration method ( [12] , [14] ), we can construct a correct functional as follows
Recall that U(r, τ) = lim n→∞ U n (r, τ).
That may give the exact solution if a closed form one exists, or we can use the (n + 1)th approximation for numerical purposes. The convergence of the variational iteration method is introduit by Tatari et all. in [24] . Though the variational iteration method leads to fast convergent solutions, unnecessary calculation arises in the solution procedure.
Applications
To illustrate the efficiency of the fractional variational iteration Aboodh transform method, we apply this method to solve some linear and nonlinear time-fractional partial differential equations with Caputo fractional derivative. and which subject to the boundary conditions U(0, τ) = 0 and U(1, τ) = f (τ). Applying Aboodh transform on both sides of (4.1) and using its differentiation property, we obtain
Taking the inverse Aboodh transform of (4.2), we have
on both sides of (4.3), we get
According to the variational iteration method, we can construct a correct functional as follows
By using the iteration formula (4.5), the first terms are given by
.
(4.6)
Recall that the solution is given by
which is the exact solution of time fractional diffusion equation (4.1) obtained by fractional variational iteration method in [9] , but with less calculations. In the case α = 1, it is given by U(r, τ) = r 2 e τ . By applying the Aboodh transform on both sides of (4.8), we get Taking the inverse Aboodh transform of (4.10), we have
on both sides of (4.11), we get
Consequently, the first terms are obtained by
The approximate solution in a series form of (4.8)-(4.9) when α −→ 2, is given by
which is the exact solution of linear Klein-Gordon equation presented in [23] .
(a') (b') (c') Example 4.3. We consider the nonlinear fractional Klein-Gordon equation of the form
Applying Aboodh transform on both sides of (4.16), we have
By inverse Aboodh transform and derivative, we get
Now, applying the variational iteration method, we obtain
The first terms of approximate solution are obtained successively 22) with the initial conditions
According to the formula (3.7), we can construct the following iteration formula
Using the iteration formula (4.24), we obtain which is an exact solution of the nonlinear partial differential equation of order three (4.22)-(4.23) obtained by the modified homotopy analysis method in [6] .
(a") (b") (c") 
Conclusion
In this work, a variational iteration method (VIM) and new transform method called "Aboodh transform" are successfully combined to form a powerful analytical method for solving fractional partial differential equations. The new analytical method gives a series solution which converges rapidly to the exact solution. The simplicity and high precision of the new analytical method are clearly illustrated, for example, by the resolution of some equations such as the time fractional diffusion equation, the linear and nonlinear fractional Klein-Gordon equation of order 2 and an example of nonlinear time fractional partial differential equation of order three.
